OPTICS IN HYPERBOLIC SPACE*

BY
JAMES PIERPONT

1. INTRODUCTION
With Riemann we define the metric of H-spacet by

dx? + d d do?
1) PR e e SRy
[1 xt’+x:’+xt‘]‘ a2
4R?
where
2 =24 22+ 28, do*=dx? +dxd +dxf, \=4R?— s,

H-straights are defined by
3 8 |ds = 0.

In order to have a model of this space in which we can see the figures em-

ployed we may regard the x,, x3, %5 as rectangular cartesian cosrdinates. Then

the images of points of H; are points within the e-sphere A =0 which we call

the \-sphere. In this model H-straights are e-circles cutting A =0orthogonally.
It is convenient to introduce new variables

4R )
) 3= ——=, i=1,2,3; 2« = R(w/N),

where
p=2x 428 4+ 2 + 4R

H-planes are defined by a linear relation
@181 + 6323 + a2 + a2 = 0.

In the model they are e-spheres cutting A =0 orthogonally. The intersection
of two H-planes are H-straights. H-planes through the origin O are also
e-planes and the same is true of straights. The H-angle between two curves
or surfaces or a curve and a surface is the same as the corresponding angle

* Presented to the Society, December 29, 1926; received by the editors December 20, 1926,
t For H- read hyperbolic; for e- read euclidean.
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in the model. Figures may be moved about freely in H-space as in e-space.
The coérdinates z satisfy

5) {51} =32 + 28 + 38 — 28 = — R

Besides the points so far considered we have certain ideal points, viz., those
lying on the A-sphere; they are at an infinite distance away from any ordinary
point. Their z codrdinates satisfy the relation

(6) {s2} =o0.

The four planes 2, =0, 2,=0, 2,=0, 2,=0 form a
tetrahedron, the plane z,=0 being imaginary.
It may be represented diagramatically by
Fig. 1. The vertex A, is opposite z;=0. All 0 A
straights perpendicular to z;=0 meet in the
vertex A;. The displacement

A,

2 = gasinh 0 4 z3coshd, z{ = 2, Fe. 1

2! =21, 2{ = z3cosh+ zsinhé,

defines a rotation 6 about 4,. It leaves the plane 2,=0 unaltered, a figure in
this plane being merely moved into a congruent figure.

2. REFLECTION AND REFRACTION ON A PLANE SURFACE

We shall suppose that the path of a ray of light in a heterogeneous medium
satisfies

(1) 8 fnds =0,

where #, the index, is a function of the coérdinates x. When n = constant
this becomes

(2) d fds =0,

i.e., the path of a ray of light is a straight.

Consider two media of indices #, n’ separated by an H-plane. A ray
issuing from A arrives at A’. It is easy to see that the path lies in a plane
normal to the boundary. We suppose it lies in the », y plane. We must
choose B so that nAB+n'BA’ or s=np+n'p’ is a minimum. Then

ds dp dp’

3 —=n— — = 0.
4 dx ”dx+”dx
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Let CB=x, BC'=x', x+x'=c, a constant, and therefore dx+dx’=0. Then
cosh(p/R) = cosh(a/R)cosh (x/R), cosh (p/R) = cosh (a’/R) cosh (z//R) ;

therefore
ap sinh (2/R) ap _ , 1o SiDh (2/R) )
o = cosh (a/ R)m; e cosh (a’/R) (3R @/
These in (3) give
sinh (2/R) , , o, Sinh (2/R) .
4) n cosh (a/R) m = n’ cosh (¢’/R) /R )
4 A
n
P
A
0 «NB C' x
(4 '
A
4
n/
AI

F16. 2

But
tanh (x/R) , tanh(2’/R)
cosa =177,

= sinh (3/B) R = Snh /R
These in (4) give

cos & cos a’
# cosh (¢/R)—————— = n’ cosh (¢'/R)—————
(o/R) cosh (¢/R) osh (¢”/ )cosh (a’/R),
therefore
sin n'
(5) ncosa = n cosa’ or l ﬁ =—
sinf’

which is the law of sines as in e-geometry.
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In case of reflection, n=x'; we find in similar manner that the angle of
incidence equals the angle of reflection.
We see at once the truth of the following

THEOREM. The image of an object obtained by reflection on a plane
mirror is the congruent figure back of the mirror and at the same distance as the
object in front of it.

Let us consider now refraction, on a plane surface, say 2, =0.

;:0

!

(
N— A8,

o

p

g Z2=0
B A @ o

F16. 3

In Fig. 3 a ray issues from A, and strikes the boundary surface at P,
making the angle o’ with the normal PN. The refracted ray PB’ makes the
angle B’ with the normal, where

sin g’

(6

o =n<1,say.

Produced backwards, it cuts z;=0 at B. We set
ata =9°, B+ =9° A0=a, BO=b, PO=p
in H-measure. Set also

C = cosh (a/R), S = sinh(a/R), T = tanh (a/R).

Then /R)
tanh (3/R T
= t = —_—,
d S ’ ane sinh (p/R)
Thus
Ctané
) tana’ =

(1 — S?tan?6)'/? ’
while g’ is given by (6).
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Let us suppose 0 is small; then (7) gives
tan o’ = CO/(1 — S*%?)'/* = (o, or a’ = C0,
neglecting 6®. Thus

B8 = na' = nCo.
Next we have
L, Stanéd
© sish @/B) = gm0
(8
sinh(p/R) S-60 1
tanh (3/R) = = = — tanh (¢/R),
nh (5/R) - o nn(a/)

a constant, neglecting higher powers of 8.
Suppose now we revolve Fig. 3 about OA. The symmetry of the figure
gives the following

THEOREM. A nearly normal pencil of rays issuing from A forms a virtual
image at B, at a distance b given by (8).

Since tanh (5/R) <1 we see that when a is such that
9) tanh(a/R) 25, n<1,
the ray PB does not meet the axis OA. Hence

. THEOREM. When the pencil enters a denser medium no image is formed
f A is at a distance a satisfying (9).

A small rotation 0 about the vertex

A, opposite the plane 2, =0 in Fig. 4 (
moves O to O’ and LM to L'M’, such

that A’0’=A40, BO=B'0O’. As A'0O’ is

normal to the plane z=0, we see the M

rays from A’ behave in the same manner
as those from A. Thus they meet in B’;
hence

THEOREM. The small figure AA’'
has BB’ as its image. Fic. 4

Let & be the distance of A’ to LM and &’ the distance of B’ to this line.
Then

sinh (6/R) = cosh (o/R) sinf, p = 04’.
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Similarly
sinh (6'/R) = cosh (p’/R) sin@, p’' = OB'.

Hence
sinh (3’/R) _ cosh (p’/R) )

™ = dinh (/R) _ cosh (s/R)

This we may call the magnification of the image.
By (8)

Thus

tanh (p”/R) = (1/#) tanh (o/R).

n ”
™ = Tn* cosh? (o/R) — sinh* (o/R)]'*  [1 — (1 — n?) cosh? (o/R) ]

This becomes imaginary if

cosh? (o/R) > 1, or tanh (p/R) > n.

1—nt
It is not difficult to prove the

THEOREM. If the pencil is not narrow, the rays issuing from A do not
meet in a point.
3. CENTRAL OPTICAL IMAGERY

As a first approximation to the path of light through a system of lenses
the theory of collineation was shown by Maxwell and Abbe to be of extreme
value. We shall now show that H-optics does not have this elegant tool to

X. P (JP ;\;2 °

/

A A

0) \ OI %, ﬂ[/
/B\ /\ L
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work with. We suppose that we are dealing with a symmetrical optical
system whose axis is the x;-axis. The collineation defined by this system must
have the form

3! = enuz + 4122 + 6123 + G1424,

2{ = aa?1 + 6% + Gus% + Guza.

Let 4, B be two symmetric points in the object space relative to the axis «,,
and A’, B’ their images. If the codrdinates of A are (21, 2, %, 21), the co-
ordinates of B are (21, —2, —2s, 2z) while the coérdinates of B’ are
(2!, —2/, —24, 2{). Thesein (1) give
21 = Gu% — G13%2 — G13% + Gus,
— 3{ = Gn%; — a23%; — G233 + G2424,
(2)
— 323 = G3121 — G323 — 3333 + G324,
2{ = Gu21 — 04222 — G433 + GuZi.
Comparing (1), (2) we get
63 = 613 = 0, an = a4 =0, 631 = a4 = 0, 6 = ag = 0.
Thus (1) reduces to
(3) 2 = ausm + a4z, 37 = G29%3 + 022%s, 25 = Ga% + Gusts,

2{ = an% + Gus4.

Since the collineation is central we may restrict ourselves to a plane, say the
21x2 plane. We may thus write (3)

4 2! = azs + bzs, 2 = ¢z, 3§ = az + Bzs.

Since the codrdinates z’ must satisfy the relation §1, (5), we find that

(5) et—a?=1, B—f=—1, ¢¢=1, ab=af.
Hence
(6) 2{ = a2+ bz, 2zd = 822, 34 = ebz + eaz,

where 62=¢2=1.
Now the equations (6) define a displacement , i.e. the image is merely a
congruent figure of the object. Hence

THEOREM. If the image afforded by a cemtral optical system is the result
of a collineation, the image is an exact replica of the object without magnification.
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If the codrdinates of an ideal point are set in (6) we find {22} =0; hence
THEOREM. As a point A recedes to infinity, its image A’ does the same.

4. REFLECTION ON A SPHERE

/ -

N \€ fid If a ray issuing from 4
meets the spherical mirror C at
a point B, it is reflected along

% BB’:
r
\ OAd=4a, OB=r, AB=c,
A + 0 OA’ = G’,
in H-measure. In the triangle
Fi6. 6 OAB ’
(1)  cosh (¢/R) = cosh (a/R) cosh (r/R) — sinh (a/R) sinh (r/R) cos¥,
sinh (a/R)
2 in = ————siné.
2) sin 8 siah (/R) sin
In the triangle OBA4’,
3) cosy = cos B cos § — sin B sin @ cosh (r/R),

(4)  sinh(a/R) = Sinz sinh (1/R).

sin

These equations give the path of the reflected ray.

The H-length of the arc MB =I= R0 sinh (7/R). We set }<l,, 0 <0,, and
suppose 0, and lo/R are small. We will assume that /R is small while a/R
is large. Then approximately

cosh (a/R) = sinh (¢/R) = }e/®,
Then (1) gives
cosh (¢/R) = }4e*/® = cosh (a/R) ; thereforea = c.
This in (2) gives
Thus (3) gives
cosy = cos?@ — sin? @ cosh (v/R)

2 20’
')=1—20’=1—-(—'—)-0
2R?

B=24.

=1—o*—o’(1+
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Hence
siny = 20, or y = 26.
This in (4) gives
sinh (¢'/R) = ;o;- sinh (r/R) = §(r/R),

therefore
d¢'/R = %(r/R) or a=1}r.

Hence rays issuing from 4 meet at a fixed point 4’.
Let us now rotate Fig. 6 through
a small angle about 0. The point 4 P,
describes the arc AP while its virtual
image describes the arc A’P’. Hence C i

Turorem. The image P'Q’ of a A =0
small distant object PQ in a small mirror Q
of radius r, small compared with the
space constant R, is virtual and lies at Q
the distance ¥r from the center of the Fre. 7
mirror.

5. REFRACTION ON SPHERICAL SURFACES

In Fig. 8, a ray issues from O meeting the spherical surface at B and
makes the angle @ with the normal BN. It is bent into BH which produced

Fi1c. 8

backwards meets OA at K. Its tangent at B is BH:
OA=ga, OB=s, OH=h, radAB =r, ine-measure;
OK =19, OB =0, OA = v, in H-measure.
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Then
r sin ¢
(1) tanf=———, O0=F+y¢y=a—-F+Y,
a6 —rcos¢
2) sinf=nsina,n <1, a=0+ ¢,
sin 6 sin ¢
In the H-triangle OBK,
4 cos x = cos (@ — B) cos @ 4 C sin (e — B) cos ¥,
(5)  sinh (/R) = i(.“_ﬂ .S,
sin x
where
(6) C = cosh (¢/R), S = sinh (¢/R).

These equations give the refracted ray.
We suppose now that ¢ is small. From (1) we have, neglecting small
quantities of higher order,

0 o=
a—r
From (2),
(8) =0 + ¢ = a¢ ’
a—r
9) a/0 = a/r, a constant.
From (2),
nad
(10) B=mx=a—:': a—B=1—-—na=ma, m=1—n,
From (3),
(11) s=r¢/0=a—r.

Thus s and hence o, its H-measure, is constant. From (4),
cosx = 1 = H(mia® + 0% — 2madC) = 1 — 40227,
where
X = m*(a¥/0?) + 1 — 2mC(a/9) ;



1928] OPTICS IN HYPERBOLIC SPACE 43

therefore, using (9),

(12) X? = m?(a*/r?) + 1 — 2mC(a/r), a constant.
Thus
siny =0- X.
From (9), (10) and (15)
a—B)S ma S
(13) sinh (y/R) = % = - }—; a constant.
Hence

THEOREM. Neglecting small quantities of order >1, rays issuing from O
and meeting a convex spherical surface nearly normally, meet at the virtual
image K at a distance 1 given by (13)

For x to be real, X must 20, or
7 + m2a?

(14) C = cosh (¢/R) <
2amy

Now as a—2R, 0— while the right side is finite, we have the

THEOREM. When the source moves away beyond a certain distance given
by (14) there is no image.

We note that when the = sign
holds in (14) the point K is at «. «B_/B

Let us displace Fig. 8 by a
rotation about the pole of 04, C A 0
so that A coincides with the
origin O. Let the source be now
at A, Fig. 9, and its image at C. Fi6. 9

Since distances and angles have remained unaltered we have as before
AB =g, 0K =1, and relation (5) still holds.

Let us now revolve Fig. 9 about O through a small angle r. Then 4 and C
describe small arcs A4’, CC’ of lengths

8 = Rrsinh (w/R), & = Rrsinh [(w 4 n)/R].
We may regard as the magnification of the object the quotient

§'  sinh [(@ + n)/R]
(5 s sinh (o/R)
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Finally let us note that the point H is fixed. For from (3)

_ (e — B)s _msa  msa

h = ’
¥ v 0 — ma

which is constant since /6 is, by (9). We note that when the source of
light recedes to infinity the point H is real.

6. LENSEs

In practical optics when one wishes to calculate the best shapes of a new
system of lenses designed to achieve a certain object, it is necessary in the
end to make laborious trigonometric calculations. In H-space it seems
necessary to do this even when one wishes only approximate results since
the theory of collineation does not apply. As in the preceding sections, so
here, we make a favorable choice of the origin, sometimes using e-measure
and sometimes H-measure, angles having the same measure in both
geometries.

("d
H 7 Z AI T \ P} ? 0 / H/ KI
Fic. 10

In Fig. 10 we suppose the center of the lense C is at the origin O while the
center of C’ is at A’. The source of light is at Z. A ray meets C at B and is
bent into BB’, which as before we may suppose to be an e-straight. At B
it is bent into B’K’ whose e-tangent at B’ is B'H’. The incident ray at B’
makes the angle a’, the emergent ray makes the angle 8’ with the normal
B’'N’ at B’. Then

1
1) sin g’ = —sina’.
n

We set
B =O0BH, y = B'HA', ¢' = B'4'0, ¢ = BOA’, ¢ = B'OA’,
¥ = B'H'O, ¥’ = B'’K'O;
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OH=+hk OH =K, OA'=d', OB' =, | =A'H = hk— o,
OB =y, A'B' = ¢, in e-measure ;
o’/ = OB’, »' = OK’in H-measure ;
C’' = cosh (¢’//R), S’ = sinh (¢//R).
We saw in §5 that H is fixed when ¢ is small. We have now

(2) sina’ = (I/r') siny,
r’ sin ¢’
3 tan¢) = ————
® " a’—r’cosd;"
r’ sin ¢’
4 = .
@ d sin 6’

In the H-triangle OB'K’, §=0B'K'=0"'+¢'—f’, and

(5) cosx’ = cosdcosd’ + C’sindsind’,
in &
(6) sinh (1/R) = S'— ;
sin x
Suppose again that ¢ is small. Then
N V=B8—¢=na—¢, o =N/,
® ¢ =d+y=0+rNW7",
Yy l ’
© 0= ,'4’ - = ,+ d ¥ = g¢, gconstant,
d -7 ad-7

(10) s’ =7'¢'/0' = (¢’ — 7")/7", a constant.

Thus neglecting small quantities of order >1, s’ and hence ¢’, also C’, S’
are constants. From (5),

cosx’ = (1 — 8%/2)(1 — 6'/2) + 2C"s¢’
=1— 30'*(1 + §2/6'* — 2C'5/6') = 1 — $0'2 X2,

therefore
siny’ =0X, x'=6X.
From (6)
5 S
11 inh (r//R) = — - — -
(11) sinh (»/R) r
Now

’ ’ r=i=_l_¢__.
V¥ =1+ ¢/0 =B/, F=—=—3;
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therefore

1 l
ﬂl/ol . __’ . -‘ﬁ = —_— a conStant,
n' 0  gn'

whence §/0’ is constant, and therefore by (11), n’ is constant.
In order that x’ be real, we must have X220 or

(/0 —C)22C2—1=5%0r3/0 2C' + 5 = A = eI,

or
(12) _tsa Pl AN
- — or na' — ———— 2 nA.
¢ m 1—-7/1
When '/l can be neglected, this gives
(13) = (1 —n)d + nA.

Hence the

THEOREM. If the conditions (12) or (13) are satisfied, rays issuing from
a point and meeling a convex lens nearly mormally will unite in a conjugate
point K' determined by (11).

7. BOUGUER’S THEOREM

We suppose that the index of refraction » at a point x,x,%; is a function
of the distance of the point from the origin O. The path of a ray in this
medium is determined by

nds = 0.
We have
2
d(nds) =n-8ds+ds-on, on= Za—"ax.,
a xa
16R? dx,, 2
- ds——-—E dx.+)‘—’2x¢8x¢,
n dxg n dx,
[z iy, dx.__f (2,
A\ ds ds\\?* ds
therefore

on 202, d/n dxa
f nds—fds {—— — 16R2—| — — ) p6x..
s 0%, A2 ds\\? ds
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Thus the equations of the path are

1) On  Bnwe_ 16R’—d-(l ﬁ) - (a =1,2,3).
0%, A2 ds\\* ds
The matrix
%1, 3, x3
(2) ( dxy, dxa  dx )
ds ds ds

has three determinants D,. From (1) we find at once that

d/n
—<—--D.)=o.
ds \\?

n
»

Hence

+ De = a., aconstant.

If we multiply these three equations by #1, 2, ¥; we get @121+ a22:+ a2 =0.
Hence

THEOREM. The path of a ray in this medium lies in an H-plane through O.

In our model, the radius vector r from O to the point P(x,, 2,, x5) has as
direction cosines J, =x./r, while those of the ray are m,=dx./do. If 0 is the
angle between r and the ray,

cos0 = 2, lama.

Now
dx. A dxa mc
ds 4R do 4R
therefore
4R dxe
cosf = — Xog —
° A Z ds

Here the sum on the right is the scalar product of the matrix (2). By
Lagrange’s theorem,

YDi=Yax- Y 2 —(Z x.%)’

ds?

or

x‘ XQ 2
— 2,0 =1r 1 — cos?f) = r?
P> P eR ) =R

sin?@.
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Hence

nr
3) 7 sin § = constant along the ray.
This gives Bouguer’s theorem in H;-space.

THEOREM. The path of a ray of light in a medium whose index is a funclion
only of the distance from O satisfies (3).

If p is the length of the vector OP in H-measure we have

inh (o/R
r = 2R tanh (p/2R), N = 4R? sech?(p/2R), A El—-(p/—) .
A 4R

Thus (3) becomes
4) n sinh (p/R) sin® = ¢, a constant,

where the quantities p, 6, 7 are now expressed in H-measure. From this
relation we get the equation of the path of the ray. For

d 0d i (sin 0) ds
= cos @ ds = ——
P ’ Rsinh (o/R)’
therefore P o
p  cos

= = - Rsinh (o/R),

3o snd sinh (o/R)
or using (4)

d¢ 1

© dp - (n? sinh? (o/R) — c?)/2 )

Here n is a function of p only.
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